
Dissolving the Taj Mahal in Acid Rain:
A mathematical treatment to a chemical problem

Abstract:

Rain is typically acidic due to the interaction of water with gases generated from naturally occurring processes such as biological decay, lightning, and volcanos. However, gases generated from human activity has greatly exacerbated this effect occasionally leading in a 1000-fold increase in the acidity of rain. This phenomenon, known as acid rain, is particularly damaging to building structures and art constructed of marble or limestone (calcium carbonate, CaCO3) and biological systems (fish, plants, and overall human health). In this investigation, we will model the chemistry of calcium carbonate decomposition in acidic environments to be better understand one detrimental aspect of acid rain.

Background Information:

Pure water is a neutral substance. However, many substances in our daily lives may be either considered acidic or basic, depending on how many hydrogen ions (H+) are present in solution. We quantify the hydrogen ion concentration using a pH scale where pure, neutral water has a pH of 7, lemon juice is acidic with a pH of 2, and ammonia is basic with a pH of 11. Normal rainwater is acidic and has a pH of about 5.6 due to reaction of naturally occurring gases (such as nitric oxides from lightning and sulfur dioxide from volcanos) with water, which form sulfuric and nitric acids. 

Unfortunately, anthropogenic sources, such as factories, power plants, and automobiles, produce these acid-forming compounds in far greater quantities than is naturally generated. This has resulted in a drastic increase in the acidity of rainwater, typically achieving pH values of between 4.2 and 4.4. In the 1980s, acid rain in the Los Angeles Basin was measured to vary in the range of 2.89-6.24. On bad days, the rain was more acidic than orange juice (pH 3.5)! The damaging effects of acid rain are far reaching, from killing aquatic animals and trees at high elevations, to eroding buildings and monuments. 

Many plant and animal species are intolerant to acidic environments or changes in pH. At pH 5 most fish cannot live, and at pH 4 frogs struggle to survive. Furthermore, the mayflies frogs eat are more sensitive and suffer below pH 5.5. While human skin is resilient to acid rain and has limited direct negative effects on human health, the precursor gas pollutants to acid rain (sulfur dioxide and nitrogen oxides) are known to cause a variety of health issues related to heart and lung function. 

Aside from the direct interaction of acid with living organisms, there are several indirect consequences.  Acid rain leaches aluminum from the soil, toxifying streams, lakes, and oceans. It removes minerals and nutrients from the soil that are necessary for plant growth. Increased acidity also makes it difficult for the formation of calcium carbonate (CaCO3) structures, such as the shells of some crustaceans and mollusks and skeletons of coral reefs, which has far reaching consequences to a variety of marine life. This is due to a reaction that calcium carbonate undergoes with the hydrogen ions from acid rain, causing dissolution of calcium carbonate solids.

In addition to sea life, marble and limestone also consist of calcium carbonate, which has long been used for constructing enduring buildings and monuments. Some examples include the Taj Mahal in India, Parthenon in Greece, Colosseum in Rome, and the Capitol building, Lincoln Memorial and Washington Monument in the United States. Consequently, these structures are gradually eroding away by acid rain, resulting in loss of definition or, if the stone is particularly porous, cracking. 

Goal:

Our goal is to create a mathematical model that describes the reaction of calcium carbonate in the presence of acid. Solid calcium carbonate is composed of a repeating lattice of alternating calcium ions (Ca2+) and carbonate ions (CO32-). In the presence of an acidic environment, hydrogen ions (H+) react with the carbonate ions to produce carbonic acid (H2CO3), which readily decomposes into water (H2O) and carbon dioxide gas (CO2). The carbon dioxide gas is then released into the environment ensuring the decomposition of calcium carbonate only proceeds in one direction (Figure 1).
Written as a simplified chemical equation:Carbonic acid forms but 
quickly decomposes
Solid calcium carbonate
H+
Ca2+
CO32-
Ca2+
CO32-
H2CO3(aq)
H2O(l) + CO2(g)
Hydrogen ions from acid rain 
react with carbonate ions
Carbon dioxide gas leaves the system
Figure 1.


	
	2H+ + CO32- → H2O(l) + CO2(g)
	(1)



Since hydrogen ions and carbonate ions must interact to react, the more abundant the hydrogen ions and carbonate ions, the faster the reaction may proceed. Said another way, the rate of calcium carbonate reaction is directly proportional to the concentration of hydrogen ions ([H+]) and carbonate ions ([CO32-]). 

	
	
	(2)


Equation 2 is simply a logical relationship and not an equality that may be solved or applied.  To find the complete mathematical expression, experimentation and observation are required. It is often found that the rate of reaction is either independent of, directly proportional to, or proportional to the square of the concentration of the reactants. i.e.,  

	
	
	(3)


where x and y are integers 0, 1, or 2, respectively, and k is a proportionality constant. Equation 3 is known as the rate law (the mathematical expression that defines the speed of the reaction). In this experiment, we will react hydrogen ions with carbonate ions and attempt to determine the rate law for this reaction and the constants (k, x, y). 

We will do two things to simplify the procedure and mathematics. First, we will use large calcium carbonate chips as a source of carbonate ions such that the surface area of the chips will not change significantly during the reaction and, consequently, the concentration of carbonate ions will remain nearly constant. Therefore, the rate of the reaction will be independent of the carbonate ion concentration (raised to the power of y) from Equation 3. Hence, we will not determine the value of y from Equation 3. This implies that the rate of the reaction will only be sensitive to the changing hydrogen ion concentration raised to the power of x (Eqn. 4). 

	
	
	(4)


Second, it is difficult to measure the rate of a reaction in real time but easier to measure reactant or product concentrations. We will use a concept of calculus called integration to transform the Equation 4 rate law into an equation that expresses the reactant concentrations as a function of time, rather than as a function of rate. Since the integrated rate law depends on the value of x in equation 4, three possible integrated rate laws result for x= 0, 1, and 2 (Table 1).

Table 1:
	
	x=0
	x=1
	x=2

	Rate Law
	
	
	

	Integrated
rate law
	
	
	



 is the concentration of hydrogen ions at time t,  is the initial hydrogen ion concentration at the start of the experiment,  is the rate constant of the reaction, and  is the time in seconds. Since we are assuming  from Equation 3 is constant in this experiment, it’s value is mathematically incorporated into the rate constant, k.

Tracking the hydrogen ion concentration during the experiment will be critical in determining the values of x and k. It is noted in Figure 1 that there should be a mass loss as the reaction proceeds due to the escape of CO2 gas, and from Equation 1, there exists a defined ratio between H+ ions reacted and CO2 molecules produced (2:1). Therefore, we will use the amount of CO2 gas lost as a proxy for hydrogen ions that have reacted.

	Procedure:
43.843 g

1. Fill a 50 mL graduated cylinder with 1.00 M* HCl to the 
20.00 mL line as precisely as possible (the acid in the graduated cylinder will have a concave shape, called a meniscus- read the bottom of the meniscus).
2. Obtain a 125 mL Erlenmeyer flask and six or seven large pieces of calcium carbonate chips.
3. TARE a mass balance, with the Erlenmeyer flask + 
calcium carbonate on the tabletop, CAREFULLY pour the 20.00 mL of HCl into the 
Erlenmeyer flask.
4. [bookmark: _GoBack]Now have one member of your group place the Erlenmeyer flask on the balance in the protective boat and another partner start a timer.
5. Immediately record your first mass measurement at t= 0 sec and continue to record every 15 sec until the timer hits 8 minutes. Be sure to record the mass to three decimal places. Have one partner monitor the time and read the measurement while the other inputs the data into the table below.
If you miss a measurement, leave the entry blank and record the next measurement at the proper time. Do not stop the timer until the 8 minutes are complete.

*1.00 M HCl is a measurement of concentration- known as molarity (M)- of the HCl and defined as the number of moles of HCl per liter of solution, where a mole (mol) is a quantity unit defined as  molecules.


 
For cleanup, the neutralized HCl solution may be poured down the sink and the rinsed calcium carbonate chips may be disposed of in the trash can.




Data Collection:

	Time (sec)
	Mass (grams)

	0
	

	30 
	

	45
	

	60  (1 min)
	

	75  
	

	90  (1 min 30 sec)
	

	105
	

	120  (2 min)
	

	135
	

	150 (2 min 30 sec)
	

	165
	

	180  (3 min)
	

	195
	

	210  (3 min 30 sec)
	

	225
	

	240  (4 min)
	

	255
	

	270  (4min 30 sec)
	

	285
	

	300  (5 min)
	

	315
	

	330  (5 min 30 sec)
	

	345
	

	360  (6 min)
	

	375
	

	390  (6 min 30 sec)
	

	405
	

	420  (7 min)
	

	435
	

	450  (7 min 30 sec)
	

	465
	

	480  (8 min)
	








Data Analysis:

Input the data from above into a graphing spreadsheet program, such as Excel. The first column should have time (seconds) and the second column mass (grams). 

Create an equation in a third column to calculate the mass of carbon dioxide released from the system at each time point. If the initial mass of the system is m0 and the mass at time t is mt, what equation should go in column 3?

Mass CO2 Released = __________________________

EXAMPLE:
	Time (sec)
	Total Mass (g)
	Mass CO2 Released (g)

	0
	63.399
	0.000

	15
	63.383
	0.016

	30
	63.376
	0.023

	
	
	



Generate a graph of Total Mass vs. Time and of Mass CO2 Released vs. Time. Think about which is your independent variable (x-axis) and which is the dependent variable (y-axis). Don’t forget to label your axes and include units. 

From your graphs, is the rate of release of CO2 gas speeding up or slowing down as the reaction proceeds?




Propose an explanation for why the CO2 gas release is speeding up/ slowing down (think about Eqn. 2, what is happening to the hydrogen ion concentration as the reaction proceeds?):








We will now attempt to determine the correct rate law (from Table 1) for the hydrogen ion reaction with carbonate ions. Recall that to solve for x and k from Equation 4, it is necessary to know the concentration of hydrogen ions in the solution. We may use the mass of CO2 gas released as a proxy for the amount of hydrogen ions that have reacted (Eqn. 1).

With proper dimensional analysis, setup the calculation relating the mass of CO2 gas released to amount of hydrogen ions that have reacted using the following conversion factors: one mol of carbon dioxide gas has a mass of 44.0 grams, two moles of hydrogen ions react to form one mole of carbon dioxide gas (Eqn. 1), one mole of HCl dissociates to give one mole of hydrogen ions in solution.








Using your equation generated above, add a fourth column to your data spreadsheet converting the Mass of CO2 Released from the solution (column 3) into the Moles of Hydrogen Ions Reacted (column 4). 

If initial number of moles of hydrogen ions at the beginning of the reaction was:



create a fifth column on your spreadsheet indicating the Moles of Hydrogen Ions Remaining in solution (column 5).

Finally, in a sixth column, convert the Moles of Hydrogen Ions Remaining (column 5) into Molarity of Hydrogen Ions (column 6) for each time point. Remember, molarity of hydrogen ions is defined as the moles of hydrogen ions / volume of the solution in units of mol/L.

EXAMPLE:
	Time (sec)
	Total Mass (g)
	Mass CO2 Released (g)
	Moles of Hydrogen ions Reacted
	Moles of Hydrogen ions Remaining
	Molarity of Hydrogen Ions (mol/L)

	0
	63.399
	0.000
	0
	0.0200
	1.000

	15
	63.383
	0.016
	0.00073
	0.0193
	0.964

	30
	63.376
	0.023
	0.00105
	0.0190
	0.948

	
	
	
	
	
	




From this, we may determine the correct rate law (Table 1). Note in Table 2 below, that a plot of the hydrogen ion concentration versus time gives very different curve shapes, depending on the value of x.

Table 2.
	Integrated
rate law
	x=0


	x=1


	x=2



	Graph of
[H+]t vs. t
	Time (sec)
[H+]t  (M)

	Time (sec)
[H+]t  (M)

	Time (sec)
[H+]t  (M)




Graph 1: Plot the concentration of hydrogen ions ([H+]) vs. t. Based on the graph shape, can you tell if the value of x is 0, 1, or 2? Can you neglect any of the values?





Straight line plots are easy to identify (x=0) but you may have difficulty distinguishing between graphs for x=1 and x=2. Is there another way we can represent the data such that a straight line would be expected? If we chose our axes carefully, a plot may be produced such that we would expect the data to fit a straight line. This is known as linearizing the data. Recall that the general form of a straight line is .

Graph 2: What could be plotted on your y-axis and x-axis such that the integrated rate law for x=1 fits the form of a straight line?




Graph 3: What could be plotted on your y-axis and x-axis such that the integrated rate law for x=2 fits the form of a straight line?




Make graphs 2 and 3 and plot from t= 60-480 seconds (you may need to create new columns in your data sheet). The first minute of data is neglected from the plot because the CO2 initially produced will not escape as a gas but rather dissolves in the solution until it is saturated. To your graphs (1, 2, 3) add a linear trendline and display the equation and the  value for each fit. Include your data below:

	
	Equation
	R2

	Plot 1
	
	

	Plot 2
	
	

	Plot 3
	
	



Identify the plot that most closely fits a linear trendline. What is the value of x for our rate law? 



Based on this graph determine the meaning of the y-intercept and the slope.  (Compare the integrated rate law with the general form of a line, ). Express them below as variables, not as numbers.





What is the value of k, in our rate law? Show the calculation:







Finally, write out the rate law from Equation 4 for the reaction of hydrogen ions with carbonate ions including the correct values of x and k and leave [H+] as a variable



	
	
	














Follow-up Calculation:

Using your experimental results, let us now assess the potential effects of acid rain on calcium carbonate (marble or limestone) buildings and art in Los Angeles. To quantify the destructive capacity, we must know the acidity or, concentration of hydrogen ions, in Los Angeles rain. The National Atmospheric Deposition Program (NADP) measures and keeps online records of various atmospheric data, including acid rain. Visit their website (http://nadp.sws.uiuc.edu/NTN/annualmapsByYear.aspx) and download a pdf map of the oldest (1985) and the most recent “Lab pH” data. In the 1985 data, which regions in the United States suffered most from the effects of acid rain?



Compare the 1985 pH map with the most current pH map. What trends do you observe in the acidity of rain over this period?




The 1975 Clean Air Act and the 1990 Title IV Amendments have certainly had a positive effect to curtail emissions of sulfur oxides and other noxious gases that contribute to acid rain. Nonetheless, there is an impermanence of marble structures due to acid rain. Let us pretend that the Taj Mahal resided in Los Angeles and calculate how long it would take to dissolve the main dome of the structure. Using the most recent “Lab pH” data, first determine the pH of rain in Los Angeles. 
       pH = _____________________

The hydrogen ion concentration can be related to pH by the following equation: . From the pH of rain in Los Angeles, what is the hydrogen ion concentration (units are molar, M)? You must rearrange the equation, show the calculation.


       [H+] = _____________________ 

Using the hydrogen ion concentration in Los Angeles rain, what would be the rate of reaction with a marble structure according to your experimentally derived rate law?


Your rate above follows the destruction of hydrogen ions for a given amount of CaCO3, with units of [H+]·s-1. The rate of reaction for hydrogen ions can be related to the rate of mass loss of calcium carbonate. Assuming your rate above is in units of [H+] per second, let us convert this to a mass loss of CaCO3 per second. Input your hydrogen ion concentration for the third term () below and solve for mass loss of CaCO3 per second.



Mass CaCO3 lost per second in your experiment (g/s) = ____________________________
This mass loss rate is valid for the surface area of CaCO3 used in your experiment (let us assume we had a net surface area of 1 cm2). If your mass loss rate is for 1 cm2 and the actual surface area of the main dome of the Taj Mahal is 2.0 cm2, what is the overall rate of mass loss? 


Mass CaCO3 lost per second on Taj Mahal dome (g/s) = ____________________________
Finally, if the main dome of the Taj Mahal weighs  kg, how many years would it take to completely dissolve if it was built in Los Angeles and it rained constantly (not a very good assumption!)? Be careful with your units in the calculation.



Time to dissolve main dome of Taj Mahal (years) = ____________________________

We are notably making some assumptions in the estimation, neglecting temperature effects, and changes in surface area during reaction, however, this order-of-magnitude approximation should demonstrate the potential impact of acid rain.

In a final case study, let us use Venus to investigate a worst-case scenario of acid rain. Its atmosphere is dominated by CO2 (97%) but also contains sulfur dioxide. Clouds on Venus essentially rain sulfuric acid. While the rain does not hit the ground- it evaporates too quickly due to the elevated surface temperatures- the highly acidic conditions preclude the precipitation of carbonate minerals on the planet. The pH of the clouds was determined to be <0 (yes, pH can go negative). Assuming a pH of 0, how long would the Taj Mahal dome last on Venus? Use the previous method of calculation but start with pH=0. Show calculations.
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